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Abstract
The relationship between the isoperimetric constants of a connected -nite graph and the -rst
positive eigenvalues of discrete Laplacians is studied. Two improvements of the well-known
Cheeger inequalities of a graph are given.
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1. Introduction
The spectral theory of graphs has turned out to be one of the most important parts
of graph theory since 1970s [1,2]. It is interesting that there are somewhat mysterious
correspondences between graphs and manifolds, such as curvature, the isoperimetric
constant, and so on. In this paper, we focus on the discrete Cheeger inequalities, that
is, discrete versions of the Cheeger inequality on a Riemannian manifold.
We consider simple and connected graphs. Let G = (V; E) be a graph of order n.
Let A, P, and D be the adjacency, transition, and degree matrices of G. For any vertex
v∈V , we denote its degree by deg(v). Two adjacent vertices x, y are denoted by x ∼ y.
We denote by C0(G) the space of all real-valued functions f on V . The transition
Laplacian P and the adjacency Laplacian A are de-ned by
Pf(x) = f(x)− 1deg(x)
∑
y∼x
f(y) =
1
deg(x)
∑
y∼x
(f(x)− f(y));
Af(x) = deg(x)f(x)−
∑
y∼x
f(y) =
∑
y∼x
(f(x)− f(y));
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where x∈V; f∈C0(G). The two Laplacians are denoted by P and A since they
have the equivalent de-nitions P= I−P and A=D−A, here I is the identity matrix
of rank n.
Both Laplacians are positive semide-nite, and hence their spectra contain only non-
negative eigenvalues. The eigenvalues of P and A can be arranged as
0 = 0¡16 · · ·6 n−1;
0 = 0¡16 · · ·6 n−1;
where i; i (i=0; : : : ; n−1) represents the eigenvalue of P; A, respectively. Among
these eigenvalues, 1 and 1 play important roles in graph theory [5,6].
Let X be a non-empty subset of V . @X denotes the edge set having one vertex in
X and the other in V − X . S(X ) means the sum of degrees of vertices in X . Then
iP = inf
X⊂V
|@X |
S(X )
and
iA = inf
X⊂V
|@X |
|X |
are named the isoperimetric constants of G. The in-mum for iP is over all subsets X
with S(X )6 12 S(V ) = |E|. For iA it is over all subsets X with |X |6 12 |V |.
The relationship between Laplacian eigenvalues and isoperimetric constants is well
studied [2–6]. So far, the best results about discrete Cheeger inequalities of the two
Laplacians P and A are as follows.
Theorem 1.1 (Dodziuk, Kendall [3]). For any 3nite graph G, the following inequality
holds:
iP6
√
21:
Theorem 1.2 (Mohar [5]). Let G be a graph of order n (n¿ 4). Then
iA6
√
1(2h− 1);
where h=maxv∈V deg(v).
Let Kn and K1; n−1 be the complete graph and the star graph of order n. We improve
these two results in the following. For the Laplacian P , we have
Theorem 1.3. Let G be a graph of order n (n¿ 4). Then
iP6
√
1(2− 1):
Moreover, equality holds if and only if G = K1; n−1.
Theorem 1.3 says that our estimate of 1 in terms of iP is optimal. Although the
Laplacians A and P share very close similarities in their de-nitions and diGer only by
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a constant for a regular graph, they are quite diGerent in combinatorial and geometric
aspects. For instance, P is bounded for an in-nite graph while A is not on the whole.
In this paper, we show that the discrete Cheeger inequality for A is also diGerent from
that for P . In the next theorem, we give an improved Cheeger inequality for A, which
parallels the inequality in Theorem 1.3. But it would be worth mentioning that equality
never holds in the Cheeger inequality for A.
Theorem 1.4. Let G be a graph of order n (n¿ 4), and let h be the maximal vertex
degree. Then
iA ¡
√
1(2h− 1):
2. Proofs of main theorems
To prove Theorem 1.3, we need two lemmas.
Lemma 2.1. Let G be a graph of order n. Then iP =1 if and only if G is one of K2,
K3 or K1; n−1.
Proof. The assertion is proved in the following two cases:
Case 1: G is Kn. In this case we can easily get
iP = iP(Kn) =


n+ 1
2(n− 1) ; n is odd;
n
2(n− 1) ; n is even:
Obviously, iP = 1 if and only if n= 2 or 3.
Case 2: G is not Kn. We assume that n¿ 4. Otherwise, there is only one connected
graph, K1;2.
There exist two vertices x; y∈V such that x ∼ y, deg(x)¡n−1, and deg(x)6 deg(y).
Let us de-ne X = {x; y}.
If deg(x) + deg(y)6 12 S(V ). Then
iP6
|@X |
S(X )
=
deg(x) + deg(y)− 2
deg(x) + deg(y)
¡ 1:
If deg(x) + deg(y)¿ 12 S(V ). Then for u; v∈ IX := V (G) − {x; y}, we know that u
is not adjacent to v. There are two subcases to consider:
Subcase 1: deg(x) = 1. That is, w ∼ y, and w  x for every vertex w∈ IX . Thus, G
is K1; n−1, and iP = iP(K1; n−1) = 1.
Subcase 2: deg(x)¿ 1. There exists a vertex u∈ IX with u ∼ x. Since deg(y)¿ deg(x),
there is another vertex v∈ IX with v ∼ y. We denote two subsets of V by
A := {v∈ IX | v ∼ x} ∪ {x};
B := V (G)− A= {v∈ IX | v ∼ y; v  x} ∪ {y}:
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The vertex set Y is de-ned by
Y :=
{
B; |A|¿ |B|;
A; otherwise:
Clearly |Y |6 12 S(V ) = |E|. Therefore,
iP6
|@Y |
S(Y )
=
S(Y )− 2k
S(Y )
¡ 1;
where k = |{e = [z1; z2] | z1; z2 ∈Y}|¿ 1.
Lemma 2.2. Let G be a graph of order n di:erent from Kn. Then 16 1.
Proof. Choose two vertices u; v∈V such that u  v, and de-ne f0 = (f(x))n×1 for
x∈V by
f(x) =


1√
2
; x = v;
− 1√
2
; x = u;
0; otherwise:
Then Pf0 = (g(x))n×1 with g(u) = g(v) = 0. Thus,
sup
‖f‖=1;(f;1)=0
(Pf; f)¿ (Pf0; f0) = 0:
According to the Courant–Fischer principle,
1 = inf‖f‖=1;(f;1)=0
(Pf; f)
= inf
‖f‖=1;(f;1)=0
((I − P)f;f)
= 1− sup
‖f‖=1;(f;1)=0
(Pf; f)
6 1:
Proof of Theorem 1.3. There are two cases to consider.
(1) G is a complete graph Kn. Then
iP =


n+ 1
2(n− 1) ; n is odd;
n
2(n− 1) ; n is even
and 1 = n=(n− 1), which satis-es iP6
√
1(2− 1) if n¿ 4.
(2) G is not Kn. The proof is a little complicated.
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Let f∈C0(G) be an eigenfunction of 1, and let W = {v∈V |f(v)¿ 0}. Note that
W 
= % since∑x∈V f(x)=0. Without loss of generality, we may assume S(W )6 12 S(V ).
Put
g(v) :=
{
f(v); v∈W;
0; otherwise
and
EW := {e = [x; y]∈E | x; y∈W}:
Then
1
∑
v∈W
deg(v)g2(v) =
∑
v∈W
deg(v)Pf(v)f(v)
=
∑
v∈W
∑
u∼v
(f(v)− f(u))f(v)
=
∑
[v;u]∈E
(g(u)− g(v))2 −
∑
[v;u]∈@W
f(u)f(v): (1)
2
∑
v∈W
deg(v)g2(v) = 2
∑
[v;u]∈EW
(f2(v) + f2(u)) + 2
∑
[v;u]∈@W
f2(v)
¿ 2
∑
[v;u]∈E
(g2(u) + g2(v)): (2)
Combining (1) and (2), we get
1(2− 1)
(∑
v∈W
deg(v)g2(v)
)2
¿

 ∑
[v;u]∈E
(g(u)− g(v))2 −
∑
[v;u]∈@W
f(u)f(v)


×

 ∑
[v;u]∈E
(g(u)+g(v))2+
∑
[v;u]∈@W
f(u)f(v)


=
∑
[v;u]∈E
(g(u)− g(v))2
∑
[v;u]∈E
(g(u) + g(v))2
−
∑
[v;u]∈@W
f(u)f(v)
×

 ∑
[v;u]∈@W
f(u)f(v) + 4
∑
[v;u]∈E
g(u)g(v)

 :
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We see that
∑
[v;u]∈@W f(u)f(v)6 0 and∑
[v;u]∈@W
f(u)f(v) + 4
∑
[v;u]∈E
g(u)g(v) = 2
∑
[v;u]∈EW
f(u)f(v) +
∑
v∈W
f(v)
∑
u∼v
f(u)
= 2
∑
[v;u]∈EW
f(u)f(v) +
∑
v∈W
f(v)(1− 1) deg(v)f(v)¿ 0: (3)
Since 16 1 by Lemma 2.2, we have
1(2− 1)
(∑
v∈W
deg(v)g2(v)
)2
¿
∑
[v;u]∈E
(g(u)− g(v))2
∑
[v;u]∈E
(g(v) + g(u))2
¿

 ∑
[v;u]∈E
|g2(u)− g2(v)|


2
: (4)
In the last inequality, we used the Cauchy–Schwarz inequality.
On the other hand, we shall estimate
∑
[u;v]∈E |g2(u) − g2(v)| from below. Let 0 =
t0¡t1¡t2¡ · · ·¡tm be the diGerent values of g(v), (v∈V ). For k = 0; 1; : : : ; m, we
de-ne Vk={v∈V | g(v)¿ tk}. Then we obtain @Vk={[v; u] | g(v)¿ tk ; g(u)¡tk}. Note
that S(Vk)6 S(W )6 |E| for k¿ 1. From the de-nition of iP , we have iP6 |@Vk |=S(Vk),
and hence we conclude that
∑
[v;u]∈E
|g2(u)− g2(v)| =
m∑
k=1
∑
[v;u]∈@Vk
(t2k − t2k−1)
=
m∑
k=1
|@Vk |(t2k − t2k−1)
¿ iP
m∑
k=1
S(Vk)(t2k − t2k−1)
= iP
m∑
k=0
t2k (S(Vk)− S(Vk+1))
= iP
∑
v∈W
deg(v)g2(v): (5)
Combining (4) and (5), we obtain iP6
√
1(2− 1).
We next prove the second part of the theorem. According to the Cauchy–Schwarz
inequality, equality holds in the second inequality of (4) if and only if
|g(u) + g(v)|= k|g(u)− g(v)|; (6)
where k is a constant. Since G is connected, there is an edge denoted by e=(v; u)∈ @E
with g(v)¿ 0; g(u) = 0, which makes k = 1. There are two cases to consider.
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Case 1: E(W ) 
= %. We can easily check in this case (6) does not hold. Therefore,
(4) turns out to be
1(2− 1)
(∑
v∈W
deg(v)g2(v)
)2
¿
∑
[v;u]∈E
(g(u)− g(v))2
∑
[v;u]∈E
(g(v) + g(u))2
¿

 ∑
[v;u]∈E
|g2(u)− g2(v)|


2
: (7)
Together with (5), we get iP ¡
√
1(2− 1).
Case 2: E(W ) = %. (3) turns out to be∑
[v;u]∈@W
f(u)f(v) =
∑
v∈W
f(v)(1− 1) deg(v)f(v)¿ 0; (8)
which indicates 1 = 1. Therefore,
√
1(2− 1) = 1. Combining Lemma 2.1, we have
iP =
√
1(2− 1) if and only if G = K1; n−1.
We remark that the order of the graph is restricted at least 4 in the above theorem.
Actually, the inequality holds for all connected graphs but for K2 and K3.
We need some facts to prove Theorem 1.4.
Fact 2.3. Let G = (V; E) be a graph with at least four vertices, and let u and v be
adjacent vertices. Then
iA6 12 (deg(u) + deg(v)− 2):
This fact is directly deduced from the de-nition of iA.
Fact 2.4. Let G be a graph of order n. Then
16
n
n− 1 minv∈V deg(v):
Fact 2.5. Let G be a non-regular graph, and let h be the maximal vertex degree. If
1¿minv∈V deg(v), then
iA ¡
√
1(2h− 1):
The proof of Fact 2.4 is in [4], and Fact 2.5 is a straightforward consequence of
Fact 2.4.
Proof of Theorem 1.4. We have to repeat parts of the proof of Theorem 1.2 provided
by Mohar. Assume that G 
= Kn, (the proof for G = Kn is like that of Theorem 1.3).
We can also assume that 1¡minv∈V deg(v) because of Fact 2.5.
Let f∈C0(G) be an eigenfunction of 1, and let W = {v∈V |f(v)¿ 0}. Note that
W 
= % since ∑x∈V f(x) = 0.
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Without loss of generality, we may assume |W |6 12 |V |. Put
g(v) :=
{
f(v); v∈W;
0; otherwise
and
EW := {e = [x; y]∈E | x; y∈W}:
Then
1
∑
v∈W
f2(v) =
∑
v∈W
(
deg(v)f(v)−
∑
u∼v
f(u)
)
f(v)
=
∑
[v;u]∈E
(g(u)− g(v))2 −
∑
[v;u]∈@W
f(u)f(v): (9)
Similarly, we get
(2h− 1)
∑
v∈W
f2(v)¿
∑
[v;u]∈E
(g(v) + g(u))2 +
∑
[v;u]∈@W
f(u)f(v): (10)
Combining (9) and (10), we conclude that
1(2h− 1)
(∑
v∈W
g2(v)
)2
¿
∑
[v;u]∈E
(g(u)− g(v))2
∑
[v;u]∈E
(g(v) + g(u))2
−
∑
[v;u]∈@W
f(u)f(v)
×

 ∑
[v;u]∈@W
f(u)f(v) + 4
∑
[v;u]∈E
g(u)g(v)

 :
Clearly, f(v)f(u)6 0 for [v; u]∈ @W and
4
∑
[v;u]∈E
f(u)f(v) +
∑
[v;u]∈@W
f(u)f(v) = 2
∑
[v;u]∈E
f(u)f(v)
+
∑
v∈W
(deg(v)− 1)f2(v)
¿ 0: (11)
Therefore, we have
1(2h− 1)
(∑
v∈W
g2(v)
)2
¿
∑
[v;u]∈E
(g(u)− g(v))2
∑
[v;u]∈E
(g(v) + g(u))2
¿

 ∑
[v;u]∈E
|g2(u)− g2(v)|


2
: (12)
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There are two cases to consider.
Case 1: EW 
= %. The proof is the same as that in Theorem 1.3.
Case 2: EW =%. From (11), we get deg(v)=1, for v∈W . There are two subcases
to consider.
Subcase 1: G is regular. We get by Fact 2.3 that
iA6 12 (h+ h− 2)¡
√
1(2h− 1):
Subcase 2: G is not regular. By Fact 2.5, we have 1¡minv∈V deg(v), and thus
(12) turns out to be
1(2h− 1)
(∑
v∈W
g2(v)
)2
¿
∑
[v;u]∈E
(g(u)− g(v))2
∑
[v;u]∈E
(g(v) + g(u))2
¿

 ∑
[v;u]∈E
|g2(u)− g2(v)|


2
:
The remainder of the proof is the same as the one in Theorems 1.2 or 1.3, so we omit
it.
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